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o ■ Abstract 

We analyze further the IR singularities that appear in noncommutative field theories on 
7Z d . We argue that all IR singularities in nonplanar one loop diagrams may be interpreted 
as arising from the tree level exchanges of new light degrees of freedom, one coupling to 
each relevant operator. These exchanges are reminiscent of closed string exchanges in 
the double twist diagrams in open string theory. Some of these degrees of freedom are 
required to have propagators that are inverse linear or logarithmic. We suggest that these 
can be interpreted as free propagators in one or two extra dimensions respectively. We 
also calculate some of the IR singular terms appearing at two loops in noncommutative 
scalar field theories and find a complicated momentum dependence which is more difficult 
to interpret. 
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1. Introduction 

In this note we continue the analysis of the perturbation expansion of field theories 
on noncommutative lZ d [p^|20[|. We consider theories in various dimensions defined by an 
action 

n 

S= [ d d xtr(-(d(f>) 2 + -m 2 (/) 2 + J2 X n'(f>*(j)*---(p) , (1-1) 
J 2 2 

where ★ is the noncommutative, associative star product defined by 

f*g(x) = ei & "'^f(x)g{y)\y =a , (1.2) 
and O is a constant anticommuting noncommutativity matrix, 

[x fM ,x v ]=iQ^ . (1.3) 



In [13|, perturbative properties of these noncommutative scalar field theories were 



investigated through the explicit calculation of correlation functions. The ^-product form 
of the interactions leads to a momentum dependent phase associated with each vertex of 
a Feynman diagram. This phase is sensitive to the order of lines entering the vertex, so 
different orderings lead to diagrams with very different behavior. As was first demonstrated 
by Filk |1J, planar diagrams (with no crossings of lines) differ from the corresponding 
diagrams in the commutative theory only by external momentum dependent phase factors. 
These graphs lead to single trace terms like (|1.1|) in the effective action, including divergent 
terms which renormalize the bare action. The Feynman integrals for these graphs are the 
same as in the commutative case, resulting in the usual UV divergences which may be 
dealt with in the usual way by introducing counterterms. 

Nonplanar diagrams contain internal momentum dependent phase factors associated 
with each crossing of lines in the graph. The oscillations of these phases serve to lessen 
any divergence, and may render an otherwise divergent graph finite, providing an effective 
cutoff A e jj- = -4= in cases when internal lines cross (6 is a typical eigenvalue of O^) or 
A P ff= . 1 = i — in cases where an external line with momentum p crosses an 

internal line. In the latter case, we see that the original UV divergence is replaced with an 
IR singularity, since taking p — > results in A e ff — ► oo. 

This striking occurrence of IR singularities in massive theories suggests the presence 
of new light degrees of freedom. Indeed, an analysis of the one loop corrected propagator 
of reveals that in addition to the original pole at p 2 ~ — m 2 , there is a new pole at 



1 



p 2 = 0(g 2 ). This new pole can be understood as arising from the high momentum modes 
of 4> running in a loop. If we try to use a Wilsonian effective action with a fixed cutoff A, 
these modes are absent, and indeed, we find that the p — > limit is not singular, since the 
effective cutoff ^ e ff is replaced by the cutoff A when p o p < 1/A 2 . Thus the p — > and 
A — ► oo limits do not commute. In order to write a Wilsonian effective action that does 
correctly describe the low momentum behavior of the theory, it is necessary to introduce 
new fields into the action which represent the light degrees of freedom. In ]13|] , it was shown 
that the quadratic IR divergences in the two point functions of </> 4 in four dimensions or 
<p 3 in six dimensions can be reproduced by adding a field xo with action of the form 

S X0 = J d d x sxotr(0) + ±d X o o d X o + \^{d o d X o) 2 . (1.4) 

With this action, the quadratic IR singularity in the two point function of is reproduced 
by a diagram in which (p turns into xo and back into <fi. 

It should be stressed that in Lorentzian signature spacetime with 0° l = the field 



Xo is not dynamical. It is a Lagrange multiplier |fl3[ . Yet, it does lead to long range 
correlations. Even though it is not a propagating field in this case, we will loosely refer to 
it as a particle. 

These effects are very reminiscent of channel duality in string theory |TB|] . There, high 
momentum open strings running in a loop have a dual interpretation as the exchange of a 
light closed string. By this analogy, we may associate the field <p with the modes of open 
strings, while xo describes a closed string mode. We thus see that noncommutative field 
theories are interesting toy models of open string theories. Other evidence to the stringy 
nature of these theories is their T-duality behavior when they are compactified on tori and 
their large O behavior |R| . 

Clearly, the appearance of these closed string modes is a generic phenomenon occurring 
whenever the commutative theory exhibits UV divergences. It is surprising because the 
zero slope limit of [|2I] is supposed to decouple all the higher open string modes of the string 
as well as the closed string modes. In hindsight this phenomenon is perhaps somewhat less 
surprising. The fields living on a brane are modes of open strings. The parameters in this 
theory are the zero momentum modes of the closed string background in which the brane 
is embedded. If the theory on the brane is not conformal, the renormalization group in 
the theory on the brane changes the values of these parameters. Therefore, it is typical 
for the zero momentum modes of the closed strings not to decouple. We now see that in 
the noncommutative theories, the nonzero modes also fail to decouple. 
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Given this understanding of the quadratic IR singularities as poles of a light particle, 
it is interesting to ask whether we can find a similar interpretation for the inverse linear and 
logarithmic IR singularities that appear. These occur wherever linear or logarithmic UV 
divergences appear in the commutative theories, including two point functions and higher 
point interactions. It is the goal of this paper to provide some further understanding of 
these logarithmic and inverse linear IR singularities. 

In the next section, we determine the complete set of IR singularities in the low energy 
effective action that arise from one loop graphs in various scalar theories. We show that 
they may be reproduced by including a set of x fields coupling to each relevant operator 
of the theory, if we allow some of the fields x to have propagators which behave like 
ln(l/pop) or (pop) -1 / 2 . In section 3, we point out that these propagators arise naturally 
if the x fields are actually free particles in extra dimensions, coupling to <ps that live on a 
brane of codimension two for logarithmic singularities or codimension one for (p op) -1 / 2 
singularities. This is natural given the analogy with string theory, since we associate the 
4> particles with open string modes which live on a brane, while the x s are closed strings 
which should be free to propagate in the bulk. In section 4, we consider higher loop 
graphs in scalar field theory, and find IR singularities with more complicated momentum 
dependence that are more difficult to interpret. 

2. Low energy one loop effective action 

In this section, we write down the complete set of IR singular terms in the one loop 
1PI effective actions of various scalar theories. We will take to be an N x N matrix 
since it is useful to see how the indices are contracted in the various terms. In particular, 
it turns out that all IR singular terms take the form 

tr(0 1 (p))tr(0 2 (-p))/(p) , (2.1) 

where the Os are operators built out of 0, and f(p) diverges quadratically, linearly, or 
logarithmically as p — > 0. We show that any such term may be understood as arising from 
the exchange of a single scalar particle which couples separately to tr(Oi) and tr((9 2 ) and 
which has a propagator f(p). 
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2.1. (p 3 theory in d = 4 

We begin by considering the simple example of <p 3 theory in four dimensions 

S = |rf 4 xtrQ(a^) 2 + ^mV + |^^^*^ • (2-2) 

The commutative theory is superrenormalizable, and the only UV divergences are loga- 
rithmic divergences in the one loop contributions to the 1PI effective action. These come 
from the planar and nonplanar diagrams shown in figure 1 which contribute respectively 
to tr((p 2 ) and tr(</>)tr(<^>) terms in the effective action. 





V \ P 

-> — — >- 



Fig. 1: Planar and nonplanar contributions to the one loop quadratic 
effective action in <p 3 theory in four dimensions. 

In the noncommutative theory, the planar diagram is unchanged, while the nonplanar 
diagram becomes finite, cutoff by A 2 ^j = Combining the two contributions, we find 
that the one loop quadratic effective action (at finite cutoff) is 



/N 
d 4 p _tr(^(p)^(-p))(p 2 + M 2 



- itr(0(p))tr(0(-p))^ln (^op + l/A*)) + ~ ' 

where M is the planar renormalized mass, corrected at one loop by the planar diagram in 
figure I plus a counterterm graph. 

The second term in ( |2.3| ) arises from the nonplanar diagram and contains a logarithmic 
IR singularity for A = oo but not at finite cutoff. Thus, as in HD5| , the A — > oo and p — > 
limits do not commute. In order to reproduce the correct low momentum behavior in a 
Wilsonian action, we must introduce a new field. 



As for the case of theories with quadratic divergences considered in [T^] , we introduce 
a new field x which couples to tr(0) 

d d x gx (x)tT(<f>{x)) . (2.4) 



Now, suppose that x nas a propagator given by 



(X(PM-P)) = f(p) • (2-5) 
Then upon integrating out x, the quadratic effective action for <p receives a contribution 

S = (2n) d J d d pitr(0(p))tr(0(-p)) (-g 2 f(p)) . (2.6) 
Thus, we see that the logarithmic singularity in (|2.3|) may be reproduced by including a 



coupling ( p.4f) in the Wilsonian effective action, if x has a momentum space propagator 



647T 2 \ pop 

The numerator in the logarithm has been chosen to cancel the incorrectly cutoff logarithm 
coming from the nonplanar (j) loop in the cutoff theory. 

In this theory, there are no additional singularities at higher loops, so this single new 
field is enough to reproduce all IR singularities. In section 3, we will give a possible inter- 
pretation of this logarithmic propagator, but first we turn to more complicated examples. 

2.2. (j) 4 theory in d = 4 

As a second example, we consider </> 4 theory in four dimensions 

S= f d 4 xtr(^(d(P) 2 + ^mV + |!</> . (2.8) 



The effective action for the case where is not a matrix (TV = 1) was computed in [|13 
(for low momenta), 

,2 



Seff = (27T) 4 J d 4 P ^(p)<P(-p) U + M 2 + 
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96ir 2 (pop+ 
g 2 M\ ( 1 



96tt 2 M \M 2 (pop+ Jj) r 



+ (27r) 4 | d* W ^(pi)^(p2)0(p3)^(p4)«y(X;w) 
9 4 v-, ( 1 



(2.9) 



3-2 5 7T 2 ^ U 2 (p t °ft+p) 



g 4 



3.2W^ ln {M 2 ((p l +p J )o(p t +p J ) + ^ I + 



In this case, the quadratic effective action has both quadratic and logarithmic IR sin- 
gularities for A = oo, while the quartic term has two types of logarithmic singularities. In 
||13j| , it was shown that the term in the A — > oo quadratic effective action is reproduced 
by a Wilsonian effective action which includes a xo field coupling to <fi with action of the 
form (|T|). 

We now focus on the terms containing logarithmic singularities. It is illustrative to 
generalize to the case of arbitrary N and write them as 

d 4 xd 4 y | -g 2 M 2 tx{^))Hm) - ^tr(0(x))tr(</> 3 (y)) - ^tr(0 2 (x))tr(0 2 (y)) 

1 



. 1 f ^ r iv(x-y) ln ( 

I d*xd 4 yJ29 m+n M 4 - m - n 7ran tr(0 m (x))tr(0"(i/))A(x-y) , 



where 



A(x - y) 



d 4 p 



e ip-{x-y) ln 



(2.10) 



(2.11) 



(2tt) 4 ~ -\M 2 (pop+^) 
and 7 mn are numerical constants that may be read off from ( |2.1U| ). In this form it is 
clear that the complete set of logarithmic IR singularities in the A — > oo one loop effective 
action may be reproduced with a finite cutoff Wilsonian action by including \ fields with 
couplings 



J rf 4 x^^M 2 "^(x)tr(^(x)) 



n=l 



and logarithmic propagators 

(Xm(p)Xn(-p)) 



-2j mn ln( 



P°P + 
pop 



)• 



(2.12) 



(2.13) 



In this way, the A = oo IR singularity in each term of (|2.1U| ) is reproduced at finite cutoff 
by the exchange of a single scalar particle, as shown in figure 2. 






tr(fW) 



tr(4> 2 )ti# 2 ) 



Fig. 2: Examples of nonplanar diagrams in </> 4 in d = 4 contributing IR 
singularities for A — > oo and x exchange diagrams that reproduce the singu- 
larities at finite cutoff. 
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2. 3. 4> 3 theory in d = 6 

As a final example, we consider <p 3 theory in six dimensions, 

S= f d 6 xtr(^(d<P) 2 + ^m 2 <p 2 + ^.<P* <P*<f>) . (2.1.1) 



Here, the one loop effective action (for low momenta) was computed in [13] for N = 1, 

,2 



S ef f = (27T) 6 J d 6 P ^(p)<P(-p) (V + M 
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2 8 7r 3 (pop+^) 



o 3 (p 2 + 6M 2 )ln( 1 | . ) + ■■■) 



1 



+ (2nf J ^~0(Pl)0(P2)0(p 3 )5(E^) |* + ^3 E ln 

(2.15) 

The IR singularities in this action at A = oo are similar to those of the </> 4 theory, but now 
we have a p 2 ln( M z pop ) term in the quadratic effective action. We may rewrite the terms 
with logarithmic singularities for arbitrary N as 



J d 6 xd 6 y {gMtT{<j>{x)) (gMtx^y)) - JL t r(«9 2 <K2/)) + ^tv(<p 2 (y)) 



d 6 P Jp.(x-y) ^ ( 1 



(2.16) 



512tt 3 J (2tt) 6 \M 2 popJ 
These may be reproduced by introducing x fields with couplings 

d 6 xgM X i(x)tv(<j ) (x))+X2(x) (gMtv(^x)) + ^tr(</> 2 (x)) - ^tr(d 2 cP(x)) ) (2.17) 



and propagators 



(Xi(p)Xa(-p)) = ~ rio o In 



5127T 3 V P°P J (2-18) 
(Xi(p)xi(-P)) = (X2(p)xa(-P)) = 0. 
By a linear redefinition of the %s, we may simplify the couplings to 

J d G x gMxiixM^x)) + x 2 {x) (j^tr^ix)) - JLtr(d 2 <^ , (2.19) 

where Xi=Xi + X2 and X2 = X2- 
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2.4- General procedure 



The three examples we have considered lead us to a general procedure for introducing 
X fields in the Wilsonian effective action in order to reproduce logarithmic singularities in 
the one loop effective action. For a general scalar theory, logarithmic IR singular terms in 
the effective action arising from one loop non-planar diagrams take the form 



m,n 



1 



/ rf 4 xd 4 y-O m (^(x))O n (^( 2/ )) 7 , 



d d p 
(2tt) c 



e ip-(x-y) ln 



1 



m 2 (p o p + 



(2.20) 



Here {O n ((f)(x))} is some basis for the set of relevant local operators (such as tr(0 m ), 
tr(<9 2 </>), etc.). 7 mn is a "metric" on the space of operators, which we may take to be 
a matrix of numerical constants by assuming that all masses and coupling constants are 
included in the Os. Note that terms in the effective action at higher loops will involve 
products of more than two operators, however the one loop terms may always be written 
in this form. We now introduce a x field coupling to each O, 



S x ^ = / d a xx n (x)O n (<j>(x)), 



(2.21) 



and assume that the fields x have propagators 



(Xm(p)Xn(-p)) = -7mnln 



P°P + ^ 
pop 



(2.22) 



which could arise, for example, from the nonlocal quadratic action 



S- 



x \ 



d d p^Xm(p)Xn(~Ph r 



ln( 



pop -\- - 
pop 



(2.23) 



Here, 7 mn is the inverse a of 7 r 



1 If 7 is not invertible, we have simply introduced too many x s - I n this case, we choose a 



new basis {0„} of operators such that some of the basis elements do not appear in ( |2.20 ). The 
submatrix 7 of 7 corresponding to the Os which do appear will then be invertible, and we may 
introduce X s as above coupling to this smaller set of operators. The kinetic term ( |2.23 ) for the 
Xs is then well defined, since we replace 7 with 7. 
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2.5. Linear divergences in ^> 4 in three dimensions 

Before closing this section, we note that linear IR singularities at one loop may be 
understood in a similar manner. For example, the commutative </> 4 theory in d = 3 has 
a linear divergence in the two point function at one loop. In the noncommutative theory, 
this leads to a term 

Sir = [ d 3 p i t r(0(p))tr(0(-p))- T (2.24) 

in the quadratic effective action which has a l/\p\ singularity for A = oo. In order to 
reproduce this singularity, we again introduce a x held coupling to tr(0) but this time we 
need a propagator 

(X(P)X(-P)) « -^—r - ~ t~~t ■ (2-25) 



(pop) 2 (pop+-^ 



3. What can give logarithmic and inverse linear propagators? 

In the previous section we showed that the singular IR behavior of the one loop 
effective actions for various scalar field theories can be reproduced by a Wilsonian action 
which includes new particles Xi coupling linearly to various operators built from of 4>, 
assuming that the fields x have logarithmic (or inverse linear) propagators. We would now 
like to understand what dynamics could give rise to these propagators. 

3.1. Spectral representation of propagators 

As a first step, it is useful to rewrite the propagators in a spectral representation. We 
a with dimensions of squared length and a metric g^ u = — \ a 'y 
then rewrite the propagator as 

A(p) = [ dm 2 p(m 2 ) pop 1 . (3.1) 



The logarithmic propagators 



A(p) = In (Pll±± ) (3.2) 



pop 



2 We call the constant a' since for noncommutative field theories arising from string theory, 
the metric = — ( a 'y2 is exactly the closed string metric in the zero slope limit of pifl (the 
open string metric is = 8^) when a' has its usual meaning. 
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are reproduced with the spectral density 



h i :i ; ± (3-3) 



(a' A) 

suggesting a continuum of states with m 2 uniformly distributed between and a cutoff 
l/(a/A) 2 . Thus, we may replace x with a continuum of states ip m which have ordinary 
propagators 

(lpm(p)lp m (-p)) OC pop j ( 3 - 4 ) 

which couple to (or some 0(4>)) in a way that is independent of m, 



Sip<f> = I ) dm 2 I d d x r ip rn (x)(j)(x). (3-5) 



Note that for A — > oo, the ibs completely decouple, leaving the original 6 theory, as desired. 
The A(p) = propagators , are reduced by a spectra, densityl 

(pop) 2 



m 



2 <- 



«H V m 2 > { ^ )2 (3 - 6) 



(Atto') 2 ' 



As above, we may interpret this as a continuum of states coupling to 0, this time with 
density l/(a'm) up to a cutoff m 2 ~ t^tW" 

5.^. x« as degrees of freedom in extra dimensions 

A very simple possibility for the interpretation of the continuum of degrees of freedom 
if) m is that they are the transverse momentum modes of a particle if) which propagates 
freely in more dimensions. The continuous parameter m is related to the momentum q 
in these new dimensions through m? = —q 2 . That is, we imagine that the <i-dimensional 
space in which the </> quanta propagate is a flat d-dimensional brane residing in a d + n 
dimensional space. The ip particles propagate freely in this space but couple to the 4> 
particles on the brane (located at x± =0). We choose the metric seen by the ip particles 
to be g^ v = — t a t\i in the brane directions and o^ u in the transverse directions. 



3 The symbols > and < are used because the second term in (|2.25| ) is regularization dependent 
and its precise functional form is not reproduced by choosing a sharp cutoff here, though the 
behavior for p — > at fixed A and for A — > oo is the same. 
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By choosing the number of extra dimensions to be one or two, we can precisely re- 
produce the spectral densities ( |3.6|) or ( |3.3|) corresponding to inverse linear or logarithmic 
propagators respectively 

Explicitly, with two extra dimensions we have 



(V>(p, x±_=Q)ip(-p, x±=0)) 



»'a d 2 q 1 f («'A)2 dm 2 1 



4:77 V ]3 0p 



(3.7) 



giving exactly the desired form of the logarithmic propagators. Note that we impose a 
cutoff l/(Aa/) 2 on q 2 to reproduce the cutoff in the spectral function ( |3.6|) . This cutoff on 
transverse momenta decreases to zero as A — > oo, but this provides the desired decoupling 
of ijj in this limit. 

With one extra dimension, we find 

2 4 

' dq 1 f (aw) 2 o 1 1 



(*/>(p, x±=0)^(-p, x_l=0)) = / — pop , — ^= / dm 



2tt + q 2 J J 2nm + m 2 

-tan _J ' ' ' 



2(pop)2 7r(pop)2 I 2 

(3.8) 

thus giving a spectral density of 1/m and reproducing the correct p — > behavior of 
the inverse linear propagators ( |2.25| ) above (as discussed in footnote 3, the difference in 
functional form between the second terms here and in ( |2.25| ) is a consequence of the choice 
of regularization scheme) . 

Actually, it is possible to see more directly that the theory with free ijj particles in two 
extra dimensions coupling linearly to <fis on the brane is precisely equivalent to a theory 
with particles x that live on the brane and have logarithmic propagators. Noting that it 
is i(j(x, x± = 0) that couples to (f), we define x( x ) — ^{. x i x ± = 0) an d rewrite the ip action 
using a Lagrange multiplier X(x) as 

-J d d x <t>{x)ip(x,x ± =0)-f d d xd 2 x ± \{dip) 2 

\d\}[dx\e~ '/ ddx [^)x(x)+iX(x)[ x (x)-^(x,x x =o)]]-J d d xd 2 x ± i^) 2 

[dX] [dx]e~ «/" ddp ^( p ') x (~ p ') +iX (~ p } x ( p ^~J dd P d2 i [|V'(-p,-g)(p o P+g 2 )V'(p,g)-^(-p)'0(p,9))] 

(3.9) 
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We may then integrate out ip directly from this action, leaving 

-/ d d P *(p)x(-p)+<A(p)x(-p)+iA(p)A(-„) / 

Finally, integrating out the Lagrange multiplier A gives 



fd d p HP)X(-P) + ^X(-P)X(P) In" 1 ^"^f ) 



(3.10) 



(3.11) 



e 

as desired. 

In the general case, we find that the nonlocal quadratic action (|2.23| ) derived above 
may be replaced by an ordinary, local higher dimensional kinetic term 

S<H> = ~^J d d+2 x^d^ m d^ nl mn , (3.12) 

where g^ v is taken to be — hi the original d directions and 6^ in the transverse 

directions. 

As an example, the logarithmic terms in the <p 3 theory in six dimensions may be 
reproduced using 



(3.13) 



3.3. String theory analogy 

The suggestion that certain high momentum degrees of freedom in <p are dual to fields 
which propagate in extra dimensions fits rather nicely with the analogy that associates 4>s 
with open strings and x s or V's with closed strings. In noncommutative gauge theories that 
arise as limits of string theory, the fields (0s) in terms of which the theory is defined are 
modes of open strings living on a D-brane. In this case, there is a physical bulk in which 
closed strings propagate, and the low energy closed string modes are related to high energy 
modes of open strings by channel duality. In particular, a nonplanar one loop diagram of 
the type we have studied is topologically equivalent to a string diagram in which a number 
of open strings become a closed string which then turns back into open strings. The regime 
in which the open string loop has very high momenta may be viewed equivalently as the 
exchange of a very low momentum closed string, free to propagate in the bulk. This fits 
very well with our interpretation that the IR singularities of nonplanar one loop diagrams 
should be reproduced by tree level exchanges of a particle i(j (see figure 3) . The connection 
between ij) and closed strings is further strengthened by the fact that the ifis do not carry 
any matrix indices, and as noted above, the propagate in a metric which is precisely 



the closed string metric identified in [21 
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Fig. 3: Channel duality in string theory provides a natural understanding 
of the correspondence between nonplanar one loop diagrams and tree level x 
exchange diagrams. 

3.4- Interpretations of the extra dimensions 

Despite the many similarities between the ip fields and closed strings, the calculations 
we have presented so far do not really indicate whether the extra dimensions in which the 
tps propagate are truly physical. There seem to be three logical possibilities: 

1) The first possibility is that the "extra dimensions" are simply a mathematical conve- 
nience - a simple way to state that x has a logarithmic propagator. 

2) At the other extreme is the possibility that the extra dimensions are real and the ^s are 
propagating fields living in these dimensions whose restrictions to the d dimensional 
space are the x fields. 

3) The third possibility is a compromise between these two: in situations where the 
noncommutative field theory is a limit of string theory, the extra dimensions are 
really the bulk dimensions transverse to the brane on which the <fi fields live and the 
extra dimensions are physical. Otherwise, they are only a mathematical convenience. 

We note that in the case of noncommutative field theories arising from string theory, the 
number of dimensions transverse to the brane is typically larger than two, so the propagator 
of a single massless bulk field between points on the brane is nonsingular. However, in these 
theories there is no reason to expect that only a single closed string mode if; contributes. 
Rather, the spectral function required to reproduce IR singularities would presumably arise 
from the combination of extra dimensions and the density of closed string states which are 
allowed to couple to the world volume field of interest. § 

4. Higher Loops 

4-1. The three point function of (J) 3 at two loops 

In this section, we explore the infrared singularities appearing in I^ 3 ) at two loops 
for the noncommutative </> 3 theory in six dimensions. In particular, we consider the two 

4 We thank Lenny Susskind and Igor Klebanov for helpful discussions on this point. 
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Fig. 4: The two contributions to the (tr</>) 3 term in the effective action at 
two loops. 

diagrams of figure 4 which give the leading contribution to the (tr</>) 3 term in the effective 
action. 

These diagrams have the property that each external line connects to a different index 
loop in double line notation. The remaining two loop diagrams with three external lines 
give subleading contributions either to tr (c/))tr((f) 2 ) or to tr(</> 3 ) terms. 

The first diagram contributes a term to the effective action 



d 6 p l d 6 p 2 d 6 p 3 5(p 1 +p 2 +P3)0(Pl)0(P2)0(P3)Vl(Pl,P2,P3) , (4-1) 

where 



g 5 

Vl( Pl ,P2,P 3 )= 3 . 211^6 x 



d 6 k 1 d 6 k 2 d 6 k 3 5(k 1 + k 2 + k 3 )e lklXp2 - lk 



3><P3 



(kf + m 2 )((ki + pi) 2 + m 2 ){k 2 + m 2 )((k 2 + P2) 2 + m 2 )(k 2 + m 2 )((k 3 + ps) 2 + m 2 ) 

(4.2) 

and k x p = k^Q^pu. The external momenta appearing in the denominator do not con- 
tribute to the infrared singular terms, since by Taylor expanding the denominators in 
momenta, we find that the subleading terms are nonsingular for p — > 0. To evaluate the 
leading terms, we rewrite the delta function as J e iy '^ kl+k2+k ^ to obtain 

g 5 f d 6 V TT f d 6 he^ 
VM^Ps) = J (2^ny ( fc 2 + m 2)2 > ( 4 - 3 ) 

where x\ = y + 6p 2 , x 2 = y, x 3 = y — 0p 3 . The IR singular terms come from the region of 
small y, so we need the behavior of the k integrals for small x. 
In this regime, we have 



/ 



7715 7-7 = —5- - m^Vlnf-s— ; j) + . . . . (4.4) 

(k 2 + m 2 ) 2 x 2 K x 2 m 2 ' ' 
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V 1 { Pl , P 2,P3) = TT-^jT / 77^ — , „„ ^ 777^. (4.5) 



Only the leading term contributes to the IR singular pieces, so our Feynman integral 
becomes 

g 5 n s f A d 6 y 1 
3^¥j (2ir)ey 2 (y + 9p 2 ) 2 (y-ep 3 ) 

The cutoff A has been included because our approximations are valid only for small y, 
but this is the only part of the integral that gives the IR singular terms of interest. This 
integral clearly has a logarithmic singularity as all momenta go to zero, but is finite, if 
any one momentum is scaled to zero. By a careful analysis of the integral (|4.5|) , it may be 
shown that for small momenta, we have 

g 5 ( 1 \ 

Vi(pi,P2,P3) = o oi? ln ; ; + regular terms. (4.6) 

3-2 12 \pi opx +p 2 op 2 +p 3 op 3 J 

We now turn to the second diagram of figure 3. This contributes a term to the effective 
action 

J d 6 p 1 d 6 p 2 d 6 p 3 5(p 1 +p 2 +Pa)<f>(pi)<t>(p2)<f>(ps)V2{pi,P2,P3) , (4.7) 

where 

g 5 f d 6 k 1 d 6 k 2 d 6 k 3 5(k 1 + k 2 + k 3 )e lk:iXp2 - lklX P 3 



V 2 (pi,P2,P3) 



2 10 tt 6 J (k 2 + m 2 )((k 3 +p 2 ) 2 + m 2 )(k 2 + m 2 )((k 1 +p 3 ) 2 + m 2 ) 

1 



(4- 



((ki + p 3 + Pi) 2 + m 2 )(k% + m 2 ) 



As above, the momenta in the denominator do not affect the IR singular terms and we 
may rewrite the integral as 

, , g 5 [ _fy_ f d 6 hd 6 k 2 d 6 k 3 e lk ^ 

V2{Pi,P2,Pz) 2 10 n G J(2n) G J(k 2 + m 2 ) 3 (k 2 + m 2 )(k 2 + m 2 ) 2 ' [ } 

with x\ = y — 0p 3: X2 = y,x 3 = y + 9p2- The IR singular terms come only from the region 
of small y. For small x, we have 

d 6 kie iki - Xi 16tt 3 4yr 3 m 2 1 d - , 1 N 

+ -m 4 7r 3 ln(^ r ^) + ... 



(k 2 + m 2 ) x 4 x 2 2 x 2 m 2 

d 6 kie iki ' Xz _ 47r 3 ^ 2 1 
{k 2 + m 2 ) 2 x 2 x 2 m 2 



-m 2 7r 3 ln(^^) + ... (4.10) 



^.gifci-Zi 1 3 1 

(k 2 + m 2 ) 4 ~ 2 71 W ] + " ' ' 
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The IR singular terms come from taking the leading term in these three expressions, and 
we find 

v a cp..j».js)=4£/ ftrt+ w h (ps?) ■ (4ll) 

The small momentum behavior of this integral when any one or all three momenta are 
scaled to zero is reproduced by the function 

g 5 1 1 1 

V 2 (P1,P2,P3) = -^j(^MP2°P2)MP2°P2+P3 P3)-J ^ 2 (p 2 op 2 +p 3 op 3 ) - - \n(p 2 op 2 +p 3 op 3 )) 

(4.12) 

Note that the logarithmic divergence that arises as p 2 — » comes from the three-point 
subdiagram which would be divergent in the commutative theory. On the other hand, 
setting pi or p 3 to zero does not lead to a divergence. It is possible that there is some 
other function with the same singularities as ( 4.12 ) whose form would be more suggestive 
of an interpretation by %s. 

For (p 3 theory with a single 0, we should sum the contribution of VI with that of V 2 
(which is automatically symmetrized in momenta when inserted into the expression ( |4.7| )) 
to get the complete two loop contribution to the (tr0) 3 term in the effective action. In 
writing a Wilsonian action to reproduce the IR singularities of the <p 3 theory, we do not 
necessarily need to match the behavior diagram by diagram; however it is possible to take 
a theory which isolates the contribution VI, for example. In the theory with Lagrangian 
density 



i i 

+ g((j>i * 4> 4 * (p4 + (p 2 -k (f) 5 * </> 5 + (f) 3 * 4>6 * 4>6 + 4>4 * 4>5 * 4>6 + C.C.)) 



the leading tr(0i)tr(0 2 )tr(0 3 ) term in the effective action is precisely VI. Thus, we would 
like to understand how the singularity In^pf + p\ + p|) alone or terms of the form ( 4.12j ) 
could arise from a Wilsonian effective action. 



4-2. Interpretation of the singularities 

The two loop IR singularities we have found have momentum dependence that cannot 
be reproduced by tree level diagrams with local couplings only on the brane (such as 
the tree level x exchange diagrams which reproduced all one loop singularities). Each 
propagator and vertex factor of such a diagram is a function of a single sum of external 
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a 



b 



Fig. 5: Possibilities for the interpretation of two loop IR singularities. 

momenta, while the singularities we have found, ( |4.6|) and Q4.12| ), cannot be reproduced 
by a product of such functions. 

If our interpretation of the ijj fields as higher dimensional particles is correct, one 
possibility would be that these singularities arise from a diagram like that of Figure 5a, 
in which each 4> becomes a ijj and these three ip field interact locally in the bulk. This is 
suggested both by the (tr</>) 3 structure and by the fact that viewed as worldsheet diagrams 
in string theory, the double line versions of the diagrams in figure 4 are topologically 
equivalent to the closed string interaction diagram in figure 6. 



Fig. 6: Closed string interaction diagram topologically equivalent to the 
diagrams of figure 4. 

There are various possibilities for the form of a if) 2, interaction, including possible 
derivatives on the ips and the possibility of a coupling that varies as some function of the 
transverse coordinates x± (for example, a varying dilaton). Though such interactions do 
seem to give IR singularities with nontrivial dependence on external momenta, we have 
not found a simple action with local interactions of the in the bulk that reproduces the 
two loop singularities above. 

A second possibility would be that the momentum dependence of the two loop IR 
singularities arises from a loop of %s (or -0s), such as the diagram of figure 5b. The form 
of the expressions ( |4.5|) and (|4.11| ) are suggestive of such a diagram, if we reinterpret the 
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y integrals as integrals over a loop momentum I = 6y. For example, the expression ( }4.5| ) 
becomes 

g 5 n 3 f A d 6 l 1 

Vi(px,P2,P3) = det(6) / jtt-^ j y n i S — 771 w7 S — n V- ( 4 - 14 ) 

3-2 5 7 (27r) 5 / o I (I + p 2 ) o (/ +p 2 ) (I -p 3 ) o (I -p 3 ) 

which is exactly reproduce by the diagram of figure 5b with a coupling proportional to 

5 1 

g3 det s (<d)(f)(x)xo(x)xo( x ) where xo propagates on the brane with metric g^ u . Such a 
coupling is undesirable, however, since it would lead to higher point functions with frac- 
tional powers of the coupling and more severe IR singularities which are not present in the 
original theory. 

To conclude, we do not have a satisfactory interpretation of the two loop IR singu- 
larities in terms of weakly coupled light degrees of freedom. We hope to return to this 
important problem in the near future. 
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